THE NULL IDEAL RESTRICTED TO SOME 
NON-NULL SET MAY BE Ki-SATURATED 

Saharon Shelah 

Institute of Mathematics 
The Hebrew University 
Jerusalem, Israel 

Rutgers University 
Mathematics Department 
New Brunswick, NJ USA 



Abstract. Our main result is that possibly some non-null set of reals cannot be 
divided to uncountably many non-null sets. We deal also with a non-null set of reals, 
the graph of any function from it is null and deal with our iterations somewhat more 
generally. 



2000 Mathematics Subject Classification. 03E35, 03E55. 

Key words and phrases, set theory, forcing, FS iteration, null ideal, measure, Hi-saturated 
ideal, null functions, nep forcing. 

I would like to thank Alice Leonhardt for the beautiful typing. 

This research was supported by The Israel Science Foundation founded by the Israel Academy of 
Sciences and Humanities. Publication 619 



1 



Typeset by AmS-TW- 



2 



SAHARON SHELAH 



Anotated Content 

§0 Introduction 

[We review results and background, and give notation.] 

§1 The null ideal resricted to a non-null set may be Ki-saturated 

[We explain the difficulty for the null case, solved by adding k random reals 
rjxj^ct in the end, k measurable, but they are random over some subuniverses, 
so we add in the beginning A Cohens ri{i < A). The memory is devised 

such that {A : {t^a+q : ct G A} null} will include a I^{k)^\D,D a normal 
ultrafilter on k. Whereas in [Sh 592], the A^, (memory) were chosen closed 
enough, here we use automorphism of the memory structure.] 

§2 Non-null set with no non-null function 

[We show that consistently for some non-null set A of reals for every function 
from A to the reals, its graph is a null subset of the plain.] 

§3 The L^^j^^ij-elmentary submodels and the forcing 

[We deal with general FS iterations of c.c.c. definable in subuniverses, and 
give sufficient condition for P'^ < Pa- As application we show consistency 
of some values of 2^°, add(meagre), cov(meagre), unif(meagre) b,5.] 



THE NULL IDEAL RESTRICTED, ETC. 



3 



§0 Introduction 

Note that the result stated in the abstract tells us that the positive result explained 
below cannot be improved (to b^i sets). It is (Gitik, Shelah [GiSh 582]) 

(*) given sets of reals for n < cj, we can find C A^, pairwise disjoint 
such that An,Bn have the same outer Lebesgue measure. 

Lately, we have proved ([Sh 592]): 

0.1 Theorem. Con(cov(null) = '^uj + fof eoc/i n <uj. 

The idea of the proof was to use finite support {Pi,Qi : i < a) , where say Qi has 

generic real and Qi is random forcing in V[(rj : j G a^)], C i, closed enough 
or Ti is Cohen real but the "memory" is not transitive, i.e. j E ai ^ aj C a^. 

As 0.1 was hard for me for long it seems reasonable to hope the solution will 
open my eyes on other problems as well. 

In this paper we deal mainly with "can every non-null set be partitioned to 
uncoimtably many non-null sets?" , equivalently: "can the ideal of null sets which 
are subsets of a fixed non-null subset of M be Ki-saturated?" . P. Komjath [Ko], 
proved that it is consistent that there is a non-meager set A such that the ideal of 
meager subsets of A is b^i-saturated. The question whether a similar fact may hold 
for measure dates back to Ulam, see also Prikry's thesis, Fremlin had asked both 
versions since the seventies. 

So we prove the following: 

0.2 Theorem. It is consistent that there is a non-null set ACM. such that the ideal 
of null subsets of A is )^i-saturated (of course, provided that "ZFC measurable" 
is consistent). 

The proof of 0.1 was not directly applicable, but "turning the tables" make it 
relevant as explained in §1. 

The question appears on the current Fremlin's list of problems, [Fe94] as problem 
EL (a) respectively. 

We also have some further remarks, e.g. the exact cardinal assumption for 0.1. 
We try to make the paper self-contained for readers with basic knowledge of forcing 
and of [Sh 592]. 

Also we answer the following problem which Komjath draws our attention to: 
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0.3 Theorem. It is consistent that: 

© there is a non-null ACM such that: for every f : A —>■ M., the function f 
as a subset of the plane R xR is null 

provided that "ZFC + there is a measurable cardinal" is consistent. 

Lastly, in §3 we investigate when partial memory iteration behaves as in [Sh 592] 
and gives an example how to apply the method. This originally was a part of [Sh 
592], but as the main part of [Sh 592] was in final form and this was not and we 
like to add §3, we separate. 

0.4 Notation. We denote: 

(1) natural numbers by k,l,m,n and also i, j 

(2) ordinals by ct, /3, 7, S, (, ^ {S always limit) 

(3) cardinals by A, k, x, A* 

(4) reals by a, b and positive reals (normally small) by e 

(5) subsets of or '^^2 or Ord by A, B, C, X, Y, Z 

(6) ^ is a Borel function 

(7) finitely additive measures by S 

(8) sequences of natural numbers or ordinals by ry, u, p 

(9) s is used for various things. 

^ is as in Definition 2.9 of [Sh 592], t is a member of 
We denote 

(1) forcing notions by P, Q 

(2) forcing conditions by p, q 

(3) p > q means p stronger than q 

and use r to denote members of Random (see below) 

(1) Leb is Lebesgue measure (on {A : A C ^^2}) 

(2) Random will be the family 

{r C '^-2 :r is a subtree of ('^'*2,<) (i.e. closed under initial segments, <>e r 
with no < -maximal element (so lim(r) C ^2 
is closed)) and Leb(lim(r)) > and moreover rj & r ^ 
is not null (on r^"^^ see below)} 
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ordered by inverse inclusion. We may sometimes use instead 
{B : B is a Borel non-null subset of '^2}. 

For rj e ^>%A C '^^2 let 

ylM = {y ^ A \ V <\r]'^ r] <v} . 

We thank Tomek Bartoszynski and Mariusz Rabus and Heike Mildenberger 
reading and commenting and correcting. 
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§1 The null ideal restricted to a non-null set may be ^1;i-saturated 

Let us first describe an outfine of Komjath's solution to the problem for the meagre 
ideal. Note that by a theorem of Solovay, the conclusion implies that there is a 
measurable cardinal in some inner model. So Komjath starts with 

V 1= "k is measurable and -D is a normal ultrafilter on . 

He uses finite support iteration {Pa,Q/3 : a < 2*^,/? < 2*^) of c.c.c. forcing notions 

such that ioT (3 < K, the forcing notion Qfs adds a Cohen real 77^3 e ^2 (so Qp = 

('^-*2,<l)) and for each (3 € 2'^) for some G D, the forcing notion makes 

the set {rj^ : 7 e meagre (and every A e D appears). The point is that finite 

support iterations tend to preserve non-meagreness, so in V'^^^ the set {rja : a < k} 

remains non-meagre (and D is (i.e. generates) in V-^^^ b^i-saturated filter). 

For our aims this per se is doomed to failure: finite support iterations add Cohen 
reals which make the set of old reals null, whereas countable support iterations 
tend to collapse ^2- This seems to indicate that the solution should be delayed 
till we have better other support iterations (the 2^° = K3 problem; see [Sh:b, 
Ch.VII,Ch.VIII] and [Sh:f, Ch.VII,Ch.VIII]). But we start with a simpler remedy: 
we use finite support iteration {Pa,Qp : a < 5*,(3 < 5*) of c.c.c. forcing notions 

with ci{5*) = K,, {P^ : ^ < n) increasing with limit 5* ^Qp^ is a partial random, say 

Random^ where A[(5^) = Ap^ C adding the real Tp^. 
Clearly we want that 

\=Pg* "{I/35 : ^ < is not null". 

For this it suffices to have: every countable A C 5* is included in some A{P^). 
However, we also want that ior B e D the set : ^ e n\B} will be null. For 

this it is natural to demand that for some a, Qa is Cohen forcing and 

{\/CeK\B){a^Af,^). 

So we try to force a null set including {rp^ : ^ G k\B} before we force the rp^sl 
If Ta is similar enough to being Cohen over (r^^ '■ ^ ^ we are done. So this 

becomes similar to the problem in proving 0.1. But there we use 2'^ — x, so that 



THE NULL IDEAL RESTRICTED, ETC. 



7 



we need to carry only k, finitely additive measures (S^ : t G i.e. have few 

blueprints hence can make (when \Qa\ > closed enough. However, the S^'s 

come only to prove the existence of p® which forces that many pis {£ < u)) are 
in the generic set (see the proof of [Sh 592, Claim 3.3]). So in fact we can define 
the name of the finitely additive measure after we have the sequence {pi : £ < u>). 
Actually, we need this only for some specific cases and/or can embed our Pq, into 
another iteration. So the problem boils down to having the A^'s closed enough to 
enable us to produce finitely additive measures like the one in clause (i) of 2.11 or 
clause (d) of 2.16, [Sh 592]. The way we materialize the idea is by having enough 
automorphisms of the structure 

{Pa,Qf3,Af3,iJ,f3,Tf3 : a < a* , ^ < a*). 

In fact we can replace below X + k hy X ■ k. If we would like to have e.g. {A : 
S(A) = 1} to be a selective filter then the X x k version is better: we can use 
{taxc+1+7 • 7 < -^Ij which are Cohen, for ensuring this. 

If you do not like the use of "automorphisms" of Q and doing it through higher 
A's, later we analyze the method (of [Sh 592, §2, §3]) more fully (using essentially 
-<Ln^ n^)) and then the proof is more direct (see 3.1 - 3.13). 

1.1 Theorem. Let D be a n-complete nonprincipal ultrafilter on k. Then for some 
c.c.c. forcing notion P of cardinality , in V"^ we have 

(*) for some A e ['^2]'^ we have 

(a) A is not null 

(b) the ideal I = {B C. A : B is null} is saturated. 
Moreover, 

(**) we can find pairwise distinct rj^ e '^2 (for ^ < k) such that 
A = {q^: ^ < k} and F e -D {r/^ : ^ G n\Y} is null. 



1.2 Remark. 1) We can replace ^^2 by M. 

2) We can use as D any uniform J^2-complete filter on k (such that D is J^i-saturated 
in V and so in V^, see 1.11). 

3) In (**) of course D stands for the filter that D generated in V"^. 
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1.3 Convention. For A > 2'' (but we use only A < (2'^)+'^) let gx : X ^ D be such 
that 

Y eD^\{a<X: gx{a) = Y}\ = A. 

For simphcity g\ is increasing with A, and let /j. : D — > 2*^ be such that g\oh= ido- 
For ^ < K let 

E^ = E^^{a<X:^egx{a)}. 

Finally we let 

E = E^ = {E^ -.^K k). 

If not said otherwise we assume that A = A^° > 2*^ (for simplicity). 
Note: our intention is that Tq, will exemplify {ta+^ : C ^ '^\9\{(^)} is null, for which 
it is enough that Tq, will be (at least somewhat) like Cohen over V[(ta+$ '■ ^ ^ 
K\gx{a))], so it is reasonable to ask that Tq is not in the subuniverse over which 
ta+$ is random when ^ G K\gx{(x), i.e. a ^ E^. 

1.4 Definition. J^' is the family of {Pa, Qa, -^ai l^ai Za '■ cx < P) such that 

(A) {Pa, Qa : a < /3) is a FS iteration with direct limit Pj3 

(B) Aa Q Oi,fj,a = ^0) and either \Aa\ < 0,Qa is Cohen forcing, Tq the Cohen 
real or \Aa\ > d,Qa is Random^^^""''^^'^"^^ (defined as in [Sh 592, 2.2]) 

and Tq, the random real. This is a particular case of [Sh 592, 2.2] except 
replacing k there by 9 here so we can use [Sh 592] . 

Note that Definition 1.5(1), Claim 1.6(2) are vacuous when 9 = 1, the case we use 
here but they are natural for less specific cases. Let f = (tq : a < note that 

more accurately we should write not Qa = Random^^' ^^"'^ but Random^^' -t 

or Random ''^ "as Qa may be a proper subset of Random ^' ^ depending on 
f I" ^a, too. For the "good" cases equality holds. In shortness we shall write 

Random^ ^ . 
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1.5 Definition. For Q e 

1) AC£g{Q) is called Q-closed if 

{a < £g{Q) & \Aa\ <9 & a e A) ^ Aa Q A. 

2) Let^ 



PAUT(Q) = {/ :/ is a one to one partial function from ig{Q) to 

£g{Q) such that dom(/) and rang(/) are Q-closed and for 
P e dom(/) we have < 9 4^ < ^ 

7 e dom(/) then P e A^ ^ e 

3) We define the following by induction on £g{Q). For / G PAUT((5) let / be the 
partial function from P^^^f^f^ to -Prang(/)' (^^^ ^^2' Definition 2.2(3)]) defined 
by: 

Pi = /(Po) when po e P^om(/)» dom(pi) = {/(/?) : /? e dom(po)} 



PiifiP)) = ^fsi- ■ ■ , truth value(C7 e t/(^)), . . .) 



7ew 



PO 

/3 



when po(/5) = ^/si- ■ ■ truth value(C7 £ r^) 



(so = {/(7) : 7 e <})• 

For such Q,f for any P^^j^^y^-j-name r we define /(r), a P^'g^j^g^y^^-name, naturally. 
4) For QeJe^' let 

EAUT(g) = {/ e PAUT(g) : dom(/) = rang(/) = £g{Q)}. 



1.6 Fact. Let Q e .J^d. 

1) If ct < £g{Q),Q' = Q\(y. then Q' e J^' and PAUT(Q') C PAUT(Q). 

2) If a < £g{Q), then {/3 : /3 < a} is Q-closed; and the family of Q-closed sets is 
closed under intersection and union (of any family). 

3) If / e PAUT(g) and A C £g{Q) is Q-closed, then f \ {Ad dom(/)) belongs to 

^this suffices when we iterate just partial random forcing (when > k) and Cohen forcing 
(when IQpl < k), which is enough here. For a more complicated situation, see §3. 
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PAUT(g). 

4) iP f e EAUT((5), then / is an automorphism of P'lg^Qy 

5) If A is Q-closed and ®q^a below holds, then < Peg(Q)- Moreover, ifqe P'^gi^Q-^ 
then: 

[a) q\AeP'^ 

P'^9iQ) H r ^ < g" 

(c) iiq\ A<p e P'j^ then q' = p[j{q \ {ig{Q)\A)) belongs to -P^'^(q) and is a 
lub of p, q 

where 

A ii a E A,\Aa\> 9 and B C. a is countable then for some 
/ G EAUT(g \ a) we have: 

(z) / t (S n A) = the identity 

(u) r(S)Cyl 

(m) /"(5n^a) c^n^«- 



Proof. Straight. For part (5) we prove by induction on < 1{Q) that replacing 
P^^^^yA hj P'p,A' ^ An (3 SO q e P^, clauses (a), (b), (c) in (5) hold. 

In successor stages f3 = a + 1, ii a ^ A or \Aa\ < ^ it is trivial, so assume 
a E A \Aa\ > 9. So -P^no, < Pa etc., and it is enough to show: 

(*) if in V''^^n«, is a maximal antichain in Random^ " then in V^«, 

p' 

the set y is a maximal antichain of Random^ . 

By the c.c.c. this is equivalent to 

(*)' if C < ^i,{PC -C <C}Q P'Ania+iyP e P^na and p Ihp,^^ "{p^a) : 
C < C* and pi^ \ a e Gp^^ } is a predense subset of Random" " " 

then P \\~p^ "{p^(q!) : C < C* and \ a e Gp^} is a predense subset of 

Random^''^"". 



^does / £ PAUT((5) imply / is an isomorphism from ^'^qj^j-j) onto -P/a,„g(j)? The problem is 
that the order is inherited from Pa so is not necessarily the same. 



THE NULL IDEAL RESTRICTED, ETC. 11 
Assume (*)' fails, so we can find q such that 

q \\-p^ "{p(^{a) : C < C* PC t £ ^PL^ ^ predense subset of Random' 

So for some Gp' -name r 

a ~ 

T [Ac 

q \\-p^ "r e Random' "(= Qq.) and is incompatible with every PQ{a) G Qa" ■ 

Possibly increasing q, without loss of generality r is a . . , truth value((^-y G 
T^), . . where w C is countable. Let us define (supp for support is from 

[Sh 592, Def.2.2(l)(F)], i.e. above supp(r) = w) 

B = w[J dom{q) U |J dom(p<^ \ a) U U{supp(Q'(/?)) : /? G dom(g)} 
U |J{supp(p^(/?)) : P G dom(p^ \ a) and C < C*}- 

Clearly 5 is a countable subset of a. By ®q^a there is / G EAUT((5 \ a) such 
that 

/ \ (BnA) = the identity 

f"{B) C A 

f"iBnAa)CA^. 
As / is an automorphism of and is the identity on P^^s, clearly 

f{p) = P, 
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P < fiq) e P^, 

/(r) is ^(. . . , T/(^), . . . and f"{w) C f"{B n C ^ n ^« 

hence Ihp^ /(r) G Random" '^^'^'^'^"^ 

and 

/(?) I'~P^ "in Qa) the conditions /(r) and p,^(q;) are incompatible for ( < C*", 
getting a contradiction. 

Note that we use: in V^" , two conditions in Random" ^ are compatible in Random' ^ 
iff they are compatible in Random^ " , for every S C ct; in particular for B = A^eDA 
andB = f'iAaDA). Di,e 

1.7 Remark. 1) Instead automorphisms (/ e EAUT(Q \ a)) we can use 

/ e PAUT((5 \ a) but having more explicit assumptions and more to carry by 

induction, see §3. 

2) The use of Random is not essential for the last claim, we just need enough 
absoluteness. 

Proof of 1.1. We shall define 

= {Pa, Q/3, Ap, iJ,i3,T0 : a < X + K and /3 < X + k) 

as an iteration from J^'. More accurately. Pa = P^ = Px,a, Qa = Qa ~ Qx,a,Aa = 
Aa = Ax,a, fJ' = fJ'a = fJ'a^ra=T^ = Tx,a are such that 

for /3 < A we have: A/3 = and Q/j is as in [Sh 592, Def.2.5], i.e. the 
Cohen forcing notion (and T/j is the Cohen real), 

for /3 G [A, A + k) we let: 

Af, = E^_xU[\/3) 
Q(3 = Random' ^ 
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(and T/3 is the (partial) random real) 

(as in clause (F) of Definition 2.2 in [Sh 592]. 

Let P = P^ = Px+^. We define P^{= P'^ J as in [Sh 592, Definition 2.2(3)], i.e. 

{p e Pq :for each (3 e dom(p) the condition p(/9) is either a Cohen 

condition or has the form . . , truth value(C7 € t^), . . . )^^yjP, 

where C is a countable set, ^ is a Borel function with 
domain and range of the right form (and are not 

P/3-names but actual objects)}. 

More generally, P{ ^ for A C A + k denote P^ for (this to help when we deal 
with more than one A). 

1.8 Definition/Fact. 1) We define (for ^ < A = A^o > 2'^), an equivalence 
relation on A by: iff gx{a) n ^ = gx{(3) fl ^. 

2) S"^ (for ^ < X — > 2**) is an equivalence relation on A with < 2l^l 
equivalence classes, each of cardinality A. 

3) If C < C < « then S'^ refines and n ia/S'^)\ = A for every a < A. 

1.9 Fact. 1) If C < « then (in Q^) 

Moreover 

(6) if q e and q \ (^ u [A, A + 0) < P e Pe^u[X,X+0 ^^^^ 

pu(gKA\^|)u[A,A + 0)ei^j;+^ 

is least upper bound of p, q. 

2) If A < A' then Pv,;,u[A',a'+.) < ^v,a'+k and Pv,au[A',a'+k) is isomorphic to 
Px,x+K say by /i : Px^x+^ ^ ^a',au[A',A'+,^) ^here h = /i^'^' is the canonical map- 
ping, i.e. let /i : A + — > A' + be ct < A =^ h{a) = a, ^ < k, =^ h{X + C) — + 
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now if h{p) — p' then dom(/i(p)) = {h{a) : a e dom(p)}, etc. 

3) li a < X + K,\Aac\ >9 (equivalently, a G [A, A + /t)) then Qx.oc = V"^"^" = V^^«. 

Proof. 1) By 1.6(5) (really this is a particularly simple case). I.e. let A = Ax+^ = 
U [A, A + ^), so by 1.6(5) it is enough to check ®Qf(A+^)\A there. So let a e A 
be such that \Aa\ > and S C a is countable, and we should find / as there. As 
\Aa\ > necessarily a > A so for some ( < = X + By 1.8(3) the existence of 
/ is immediate. 

2) Straight. 

3) By [Sh 592, 2.3(7)] and clause (a) of part (1). Dls 

1.10 Fact. X* = {ta+5 : ^ < is not nuU (in V^^+'^). 

Proof. It if is null, it is included in a Borel null set X which is coded by a real s 
which is determined by (truth value(p^ G Gp^^^) : £ < uj) for some (pg : £ < u) 

where pi G P\^i^- Let 'ii' = |^ dom(p£) U |^{supp(p£(Q:)) : for some £ < a;, o: G 

dom(p^)} G [A + so n a G [A]^°. 

Now 

(8) there is ^ < k such that (C > and) 
{i) (V7)(A + 7Gt(;=^7<C) 
(u) aewr\\^ ae E^{Q Ax+{). 

This is possible as we have demands; for each one the set of ^ < k satisfying it 

pi pi 
is in D. Now T\j^^ is random over V '*^+« , and X is (definable) in V (see [Sh 

592, 2.3]). Hence r^+g is not in the Borel set X, a contradiction. (Alternatively 

follows the proof of [Sh 592, 2.3(2)]). Dlio 

1.11 Fact. If D is a Ac-complete ultrafilter then in V^, D is a K-complete 
Ki-saturated filter. 

Proof. Well known (see [J]), as P is a c.c.c. forcing notion. 
So the "only" point left: 
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1.12 Fact. If y e D then Ihp "{lA+s : i e k\Y} is nuU". 
This follows from 

1.13 Main Fact. If ^ < K,a < X,a ^ then "Ta+^ e N{Ta)" , where 
N{Ta) is as in [Sh 592, Definition 2.4]. 

Proof. Note that 
(*) for ^ < K 

EAUT(g \ (A + 0) 2 {/ :/ a permutation of A + ^, 

/ |~ [A, A + ^) is identity and 

/ \ A maps onto E^ for 7 < C}- 

Assume toward a contradiction that the desired conclusion fails, hence for some 
p e Px+K we have p Ih "ta+^ ^ N{Tay\ In fact, possibly increasing p, without loss 

of generality for some £* 

where (n^, a;^ : £ < a;) is as in [Sh 592, Definition 2.4]. 

We may assume that p G Pa+^+i- Let G C Pa+^ be generic over V such that 
p\ {X + ^)eG. So in \[G]: 

P(A + I^Q.+c "TA+^ e T"*" where T,". = T,* (a«) 

=: {77 e '^>2 : if ^ e [r,u}) and < £5^(77) 
thenry f<e<}". 

Now for some g we have: 

P t (A + C) < 9 e G and 



^Ih "p(A + C) = • • , truth value(£^ eT/3,),...)£<,^", 
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where =^ e V is a Borel function, (5i e ^a+c and £^ < iip^ for £ < uj. So (see [Sh 
592, Definition 2.2(1) (F) (a)] 

t =: . . , truth value(Q e Tf3e)j • • • ) 

is a perfect subtree of (^'^2, <) of positive measure above every node, i.e. 77 e t =^ 
< Leb({z/ G "^2 : ?7 < z/ and n < u ^ u \ n et}). 

So by the choice of p and q we have g Ih "t C T",". Without loss of generahty 
q e P'^^^. Let w* = dom(g) U U{supp(q(C)) : C ^ dom(Q)} U {/?^ : £ < w} U {a}. 
We can choose e -Pa+^j /C) c^c (by induction on ^ < (2^°)+) such that 

(a) t (t(;*\{a}) = the identity 

(b) t [A, A + C + 1) is the identity 

(c) EAUT(Q r(A+e+i)), 

(d) = f^{a), 

(e) a^^{as:s < (}, 

if) QC = fdQ) and = for i < u. 

Hence 

{A) qc^ Ih "^(. . . , truth value(e^ G 1/3?)) • • • )^<'^ ^ Q\+£. is perfect, of positive 

measure (above every node), and C T^*(a'*'^)" 

(also for the last statement we need "p^ Ih") 

{B) Ci < C2 ^ "Ci «C2> 
(C) q;<^ ^ ^A+e- 

So if Gp^^^ C P;^+g is generic over V and E = {C, < (2^")+ : G Gp^^^} is 
unbounded we get that in the universe V[Gp^_^^] for some unbounded subset E of 

(2^0)+ the set y = Q Ti* (a°=« ) [Gp^^ J has an a;-branch ta+^ in (V[G'p^^J)^^+« 

which is not in V[Gp^^^] (think), but this set y is a subtree of ('^^2,<i). Hence^ Y 
contains a perfect subtree, which was exactly our problem in proving theorem 0.1 
in [Sh 592]. So we would like to continue as in the proof of [Sh 592, 0.1], but for 
this we need a suitable S. 

First Proof : 

^In fact, we could have demanded f3i = for I < ojX < (2^0)''" so t hence Y includes t itself 
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We start repeating the proof of [Sh 592, 3.3]. As there we choose e = {si : (. < uj) 
a sequence of positive reals satisfying Y,i<^^^/e^ < 1/10. Letting k = 2^°, for 
each C < we choose e ^e{Q P'x+^i^e defined in [Sh 592, 3.1]) such that 
QC — PC ^^"^ — i^p • ^ ^ dom(p^), \Aj3\ > 0) witness pq G J^e- Replacing 

(p^ : C < K^) by a subsequence of the same length, without loss of generality the 
bullets (•) (i.e. M) of the proof of [Sh 592, 3.3] holds, so we have z*,7f (i < i*,C < 
fo, f 1, ^, (7i : i e fo), u = {ui : i < f i), s*, m* as there. 

We proceed to define p'^ > as in the proof of [Sh 592, 3.3] and exactly as there 
it suffices to prove the parallel of [Sh 592, 3.4]. 

The difficulty in adapting the proof of [Sh 592, 3.4] is that it uses a blueprint 
defined from (p^ : < u), so using the {r]f3 : (3 < £g{Q)), which does not exist here. 
The following two possibilities seem natural. 

Possibilitv A : 

Let X > and let G V be {/ : / a partial function from x to {0, 1} with 
countable domain}. The iterations and the properties we are interested in, 

are the same in V and in V^, so we can work in V^. 

So we can choose (?7q, : a < x), forced to be pairwise distinct members of '^2. 

Possibility B : (Definition) The set of weak blueprints as in [Sh 592, Definition 
2.9] replacing and the fj^-s by 7* so replacing clauses (a), (c), (i), (j) by 

(a)' 7* = (7*^^ : n< n*,/c < c^), 

(c)' 7* ^ an ordinal increasing with n 

W 'I'n.M = '^Lm ^ ni = n2 and for h 

(j)' for each n < n* the sequence (7^ : k < uj) is constant or is strictly 
increasing; if it is constant and n G Dom(/io) then /lo(^) is constant 

(/c)' for /c2 < ni < n2 < n* one of the following occurs as follows: 
(a) n** , m** , , h\* , , n** is as in the proof of [Sh 592, 3.4] 
(P) 7^*^ is 7j^^ G Dom(p^) above (for i < i* = n*,C < a;). 

Nothing relevant to us changes. 

The actual difference between the two possibilities for the rest of the proof is 
small and we shall use the second. We define the weak blueprint t* = t{*) = 
(7** , n** , m** , h^* , h{* , h^* , n** ). 

Clearly t* G we would like to proceed and choose H (but first choose 

Bx,n C A for n < such that: if G {Ax^x+£, H A, A\AA,A+e} for ^ < k, G 
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{Bx,n, >\Bx,n} and Q ^ then Q fl Q X„ C A has cardinahty A and the 

^<«; ^<K n<uj 

Bn separates the 7^;^,,n < m* ,k < lv. Now for ^ < A, n < m*^*) let AA,^,n,fc = 
{7 < A : for every C < C we have 7^*^^^^ e ^a,a+c = 7 e ^A,A+c and 7^*^^, e Bx,n = 
7 e Bx,n}- 

For e < A let = {t* G ^~ ■ (d*(*), m*W, n*(*)) - 
(n*, m*, hi, h\, h\, n^), n e [m*, n*) & k < u ^ -f*^*^ = 7^^^ and n < ^ -f^^^^ e 

Let r = {7^^ 7^.,o + 1 : 7n*o = 7n,i} U {A} U { |J 7n,fe ^ 7n,o < 7n' J for any 

k<w 

(equivalently some) t e ^\,o', and let {7^ : n < n(*)} list T\X in increasing order. 
Now we choose the sequence (E^ : j < u) by induction on n < n(*) similarly to 

[Sh 592, Definition 2.11] but just for the t e ^^+,- 

(a) is a -P;^+j y-name of a full finitely additive measure (on 0^{w)) 

(b) if n < n* ,1nk ^ 'li fo^ every k < u and 7^ 3 < ■y^^i and t e J^+j y then 
I hp . "the foUowine; set has S:^ -measure 1" 

{/c < a;: if £ e K,n^i) then (/i^(n))(£) e G^.^^} 

(c) Lf 

(a) t e T^+, n < n*, 7^ < 7^ for /c < a; and 7;^ q = 7n,i> ^ e Bom{h\) 
{(3) r, (for £ < uj) are P' . -names of members of Q^+j ^3 satisfying 

'7n,0 ~ ''n,0 

{**)r,{ri-i<oj) below, then 

lhp^^^. _^^^ "ifreGy thenl-M(n)< Av^, ((|{£ e [n*„ n*,+i) : e 
Gq ^ }|/«+i - O : /c < w)) where 

(**)^^^^.^<j^^ T, are P^^-names of members of 

Qai {{ze : < e V) and, in V^", for every e Qa 
satisfying r < r' we have 

Avs- ((afc(r') : k < uj)) > 1 - h\{n) 



where 



afc(r') = akir', r) = aA;(r', r, n*) 
. Leb(lim(r') n lim(r^)). 1 

. Leb(lim(r')) ^ nl,, -nl' 
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(so ak{r'jr,n) G [0,1] is well defined for k < u>,t = {r£ : £ < u>),{r,r£} C 
Random, n — {ng : £ < u) , n£ < n^+i < u>). 

Let us carry the induction. 
Case 1 : n = 0. 

Necessarily 7^ = A^-' . Note that a < 7^ ^ Ax,a — and the sets {7^ k • ^ 
^x,o} n A for n < n* ,k < u) are pairwise disjoint. Hence the proof if easy (similar 
to [Sh 592, Lemma 2.14]). 

Case 2 : n + 1, 7^+^ > 7^ + 1. 
Similar to Case 1. 

Case 3 : n + 1 and 7;^_^i =7^ + 1. 

Let n be such that 7n jt ~ 7n k < uj. If n G Dom(/io) nothing to do, so assume 
n G Dom(/ii). We would like to repeat the proof of [Sh 592, Lemma 2.16(1)], but 
this proof needs, in our notation, not just -P^+j ^ < -P^+j i (which we have 

pi 

proved) but also "S^ fl ^{u) "i"" is a P'y^+j ^ . -name", which is not part of our 
induction hypothesis here. But we have in our induction hypothesis S^"'""^. We let 
X be large enough and choose Mo,Mi elementary submodels of (Jf (x), G, <*) of 
cardinality A+^ such that A+^' C M^, {Q^'^^ , S^+S . , , , } C and Mq G Mi. 

Now we can find a one-to-one function h from A"*"^ + k onto (A+^"''^ + k) fl Mi 
such that: 

(1) for ^ < h{X+^ + = A+^+i + e 

(2) for A G A+^ (and /3 G [X+^+\7'n) we have 7 G ^ /i(7) G 

(3) for A < A+-^, ?i < c<; we have 7 G Bx+j^n ^(7) ^ -^A+J+i.n 

(4) for 7 < A+^' we have 7 G /i(7) G Mq. 

This should be clear. So we have finished the induction step in constructing the 
S^* , so we have completed the missing point in the proof of the parallel of [Sh 592, 
3.4], hence of the parallel to [Sh 592, 3.3], so we are done proving our main theorem. 

Alternate Proof : 

Let = {Pa, Qpi Ap, Tp : a < A"""" +«) be as above except that with A*^ being 

if /3 < A+'^* and {7 < A+'^* : /9 - A ^ E^'^''' } U [A, /3) if /3 G [A+"* , A+"* + K)\{-in ■ 
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n < n*} and {7 < A+'^* : (5 - X ^ } U [A+'^*, /3) if /3 = A + n* + 7^. 

It suffices to prove that for some we do not have (A"'""' + 7^ : I < n*) ,e, {jp'^ : £ < lu) 

as above for the Q* defined above. We take k = n*. 

[Why? Choose x* » Xi and an elementary submodel M of (Jf (x*), G, <* ) of 
cardinality A to which Q* belongs, M'^ C M. Now Q* as interpreted in M is just 
(5'^ with changes to names, and we have enough absoluteness.] 
Now, fixing (7^ : < n*) (not the others!) we prove by induction on n < n* that we 

can find a suitable {'qp : (3 < A+'^* +7n + l + K), (^(S^ : a < A+'^* + 7n + 1) : t G T^, 

-P\+"*+7„"na™6 S (stipulating 70 + 1 = 7o7 7n* = Which means: letting 

Pa, <3/3, Ap, up, Tp be as in Q* there are rjp, Ep such that (Pa, <5/3, ^/3, T/?, Vi3, (Sa)te^ 

ct < A+"* +7n,/3 < A+"* +7n) G i.e. satisfies [Sh 592, Definition 2.11] except 
that in clause (d) there we demand that if n G dom.{h\) and (^7^ ^ : £ < u>) is 
constant, then ai G {7™ : n < m < n*}. For n we use n + 1, Lowenheim-Skolem 
argument and uniqueness in Definition 2.11, [Sh 592]. 

In detail: for n = 0, and just let S be a P;^+n*^.^Q-name for a finitely additive 

measure on uj (can be Ramsey if V ^ CH) such that conditions 2.11(e)+(f) in [Sh 
592] are satisfied. For n, by the induction hypothesis we have {rjp : (3 < X^"^ + 

7n), ^(S^ : a < A+"* + 7„) : t G we can find A C A+"* +7„ of cardinality A+^ 
such that y A*^^ C ^, [A+''*, A+^* + 7^) Q A,P'j^ < ^A+"*+7„ and t G ^ =^ 

m>n 

\ ^{^Y'''^ is a Pji-name. If ^ = A+"*, then as in [Sh 592], we can 

define S^^^.^^^.^ as required. This is not necessarily true, but some / G EAUT(a I" 

\-^n* _|_ ^^-j maps A onto and maps A-^^^-n^* ^p (for /? 7^ A+"'* + 7„) 

onto itself, so possibly changing the S^_,_„*^^ < A""""' + In) we can define 

(a < A+"* + 7n + l),?7/3(/? < A+^* + A+"*). The advance from A+"* + 7n + 1 

to A+"* + 7n+i is as for n = 0: as we are proving G J^q (not G J^s) there are no 
problems repeating the proof from [Sh 592] . 

So we have finished the proof of 1.1. Dlis 
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§2 Non-null set with no non-null function 



Peter Komjath referred me to the following problem, answered below. 
2.1 Theorem. It is consistent that: 

® there is a non-null ACM. such that: for every / : ^ — > R, the function f 
as a subset of the plane M. xM. is null 

provided that "ZFC + there is a measurable cardinal" is consistent. 

Proof. We can use ^^2 instead of M. Let k be measurable, D a normal ultrafilter on 
K. Let A = A^°, A > 2*^ for simplicity, and we use the same forcing as in §1. Now 
we interpret the Cohen forcing (for ck < A) as 

{((n^, ai) : I < t) d* < (jj,n£ < uj, ai is a subset of 

e "^2 ^ e ^^2 : (r/, v) e a^}|/2^^ > 1 - 4"^}. 

We interpret the generic sequence a"^ = ((n^,a^) : £ < a;) as the following null 
subset of the plane: 



null (a") =: {(?7, J^) -rj G ^2 and for infinitely many 

i <uj we have (ry \ , v \ n^) ^ a^}. 

Let X* = {rA+i : i < k}, as in §1, it is not null (in fact everywhere). Now 
suppose p Ih "(7 : X* — ^^2"; of course, this g is unrelated to the g\s from §1. So 

for each i < K,g{Tx+i) is a Px+K-namc involving the conditions pi^g e ^x+k (f*^^ 

e < uj). Let for ^ < k, ^ (jr(X(A+'*^)+), G, <*) be such that Q,{Tx+i : ^ < 

i^),P, 9, {(Pi,i ■■ i <(^) :i < k) ,X,^ belongs to and ||M^|| = 2^° and '^(M^) C 

and let = fl (A + k). Then for some A e D we have 

(a) 7 7^^e A^A + ^^w^, 

(6) (to-y : 7 e A) and (M^ : 7 G A) are A-systems with hearts w* , M* respec- 
tively. 



22 



SAHARON SHELAH 



(c) w-y n [A, A + 7) is constant, r\ {\ + ^ : ^ & A} — {\ + 7}, moreover 
sup(t(;^) < A + min(^\(7 + 1)) and n [A, A + 7) C w* , 

(d) for 7,^ ^ A, the models M^,M^ are isomorphic, with the isomorphism 
mapping 7 to ^, and Q, (ta+7 : 7 < K),g to themselves, in fact is the 

identity on M*. 

So for all 7 e A we have an isomorphic situation. 

For 7 e ^ let f''' = (^7,m : m < a;) be the <*-first maximal antichain of 
Px+K above p, of forcing conditions deciding whether g{Tx+ry) is in V[(t/3 : P < 

A+7 + 1)) = V^^+^+i, and deciding whether g{Tx+j) is in V[(r/3 : l3 G M*)''{tx+j)] 

and in both cases if yes, without loss of generality, it forces for some Borel function, 
^ = ^-i,m that r^^rn 1^ "fi'(rA+7) = ■ ■ , T /3 , . . . , T x+'y) f3ew" whcrc in the first 

case w — D 7 and in the second case w — w* . As we can shrink A (as long as 
it is in D) without loss of generality e^^^^n does not depend on 7, i.e. ^^^m = ^m- 
Also, without loss of generality the answer (= decision) for each m of r^^rn does not 
depend on 7. 

Choose a < X such that X(a) = A where gx is from 1.3 (and is not related to g) 
and q; ^ M^. It is enough to prove the following two statements: 

(*)i {(ta+7) ^(TA+7)) '■ 7 £ i^X-^} is null (subset of the plane) 
(*)2 {{z\+7,9{z\+j)) : 7 e -4} is nuU. 

Proof of (*)i. Trivial as {ta+7 : 7 G k,\A} is null (as proved in 1.12). 

Proof of (*)2- we shall use the proof of Fact 1.13 and the choice of a to show that 

{(ta+7,^(ta+7)) : 7 e ^} ^ |Jr2 X -2\ lim tree,(g«)) 

e 

where here tree^* (a") = {(r/, z/) G '^2 x "^2 if £ e [^*, w) then {rj \ n£,iy \ Ui) ^ af}. 
Let Am = r^^rn e Gp^^J for ^ < k. 
It suffices to prove, for each m, that 

(*)2,m P 1^ "{(ta+7,5'(ta+7)) : 7 e 4m} IS nuU" . 
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We do it by cases (note that in each case "for some 7 G 4m ' is equivalent to "for 
every 'y e Am"). 

Case 1 : r^,m 1^ "^(TA+7) is in V[(t^ : p e M*)"(ta+^)]". 

Clearly (*)2,m holds as the graph of a Borel function is null and apply this to 
the function p 1-^ ^(. . . ,t^, ... , . . . ; pjp^M*- 

Case 2 : r^,^ Ih "(ta+^, ^(ta+^)) e (-2 x -2\ |J lim tree^(g"))". 
As the set on the right side is null this is trivial. 

Case 3 : Not Case 2 and r-y^m ll~ "^(ta+i) is not in V-^-^+t+i"; remember a < A was 

chosen such that g\{a) = A. 

Fix ^ — min(A), and let ^1 = min(A\(^ + 1)). Let p* be such that: r^^rn ^ 
p* e -Pa+^1 and£* < u andp* Ih (ta+^, 5r(TA+7)) G lim tree^*(a")" (note: both are 

PA+^i-names and r^,^ e -Pa+6)- 

As in the proof of 1.13 we can for C, < (2^°)+ choose by induction a^,p^ such 
that 

/C e EAUT(Q f (A + 6)), «c = /c(«): «C ^ {«Ci : Ci < C} 

and PC =/cb*) and /c f ( |J ^7 ^ (A + 6)), 
t [A, A + ^1) are the identity. 

So /(^ maps ta+^, (7(rA+^) to themselves. Let Gp^j^^^^^ C be generic over 

V such that E ^ {C : pc^ \ {\ + ^ + 1) e Gp^^+^+J is unbounded in (2^°)+. So in 
V[Gp;,_,_^_,_i] we have for C G -E, a (Px+^i/G^PA+^+J-name of a real 5f(TA+7), which 

is not in V-^^+^+i and pq Ih "(ta+^, fifdA+e)) e hm tree^* (a''<;)" . 

Now, still as in the proof of 1.13, we can prove by induction on /3 G [^ + 1, ^1] that 
in V^'s, no (770, ?7i) e C^2 x '^2)^^^+" \('^2 x '^2)^''^'*''^+' belongs to lim tree^.(a"c) 
for unboundedly many C, E E. The induction is straight; for successor case /3 + 1 
using j3 ^ A = g\{oiQ) (and / for some / G EAUT((5 \ (A + i))). Contradiction as 
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p* forces that (rA+^, (7(ta+5)) is not in (^2 x '^2)^ >>+€+i ^ second coordinate 
is not in V-^^+^+i. 

Case 4 : Neither Case 1 nor Case 2, nor Case 3. 

As in the Case 3, but we can have \ ((A + ^i) n M*) is the identity. We let 

hence \ (Px+^i H M*) is the identity. We let Si = {a : o; < A + and a ^ 
n {\ + i)\M*}, using / for / e EAUT((5) we can easily show that P'^^ < P'^^^, 
and Gbi — Gp^^^^-^ fl (or see §3). Now we have in V[Gp^^j^J: 

E[GbA = {C : PC t (A + C + 1) e GsJ is unbounded in (2^°)+. 

We can assume that Ih "^(ta+^) ^ e J^e for some e (as in §1), as 

if not without loss of generality forces g{Tx+^) = r' such that r' = . . , truth 
value(^| G T/^*), . . . )^<a^ and (3'^ G Bi and then we can find / G EAUT((5) such 
that f{g{Tx+^)) = g{Tx+^) G M*, /(p^) G is compatible withp^, and we get an 
easy contradiction. 

Note: in V[(t^ : /3 G Si)] we can compute E[Gp^_^_^_^_^], but we do not have 
g{Tx+^) by the previous sentence so easy contradiction as in the proof of 1.13. 

□2.1 
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§3 The L^^^^^i -elementary submodels and the forcing 

We may wonder what is really needed in §1, §2 (and [Sh 592], §2, §3). Here we 
generalize one feature: iterating with partial memory but without transitivity in 
the memory: not restricting ourselves to Cohen and random. 

3.1 Definition. is the family of sequences of Q of this form 

Q — {Pa-i Qa-i -^a-i Bon l^a-i '^oti ^ oti Zct '■ < P) 

(we write P — ig{Q)) such that: 

(a) {Pa, Qa : a < /?) is an FS iteration of c.c.c. forcing notions (so denotes 
the limit) 

(b) jia < K' (see clause (d) below), Tq. is a Qa-name (i.e. a Pa-name of one), 
ll~Pa+i "la — ^nd Tq is the generic of Qq," 

(c) C Aa C a and (5 e 3^, =^ Bp C B^ and |i?Q,| < i^- 

First simple version : 

{d) Jl = {ii^^,iil,ii^),<fi = (^°,^^),^° = <fi'i{x,Ya),(fil = <fii{x,y,Ya), let 

(e) the set of elements of Qa is a non empty subset of (5a°^ = {rj : rj e '^(/^a) in 

the universe V[(t^ : 7 e Aa)] 
(/) Xa is a P^-name of a subset of //^, moreover we have sequences ^a = 

{^a,C : C < /^a),fa = (^a,C,n : C < /^L < ^nd /^q,^ = {Pa,C,n ■ C < 

fia^n < (jj) all three from V such that: 

(a) — ^axi- ■ ■ i^ni ■ ■ ■ )n<u> is a Borel function from {true, false} 

to {true, false} 

(7) X = {C < l^i ■ =^a,c(---, truth value(Ca,c,n e TP^x,^)^ ■ ■ ■)n<u> = 
truth} so Ya e V[(t^ : 7 e P^)) 

(^) peQaiS{v& Qr : V[(t^ : 7 e h and Q« h P < 9 iff 
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Second, non simple version : 

(d) fie. = {fii : e < 7), we let /ia = ^it,<fa = {^i : £ < 6),v7a = 'f^^'fi is 
a 3-place relation on '^^(//q) if £ = 0, 3, a 4-place relation on ^^(//q) if 
£ = 1,2, is binary, (p^ is a 5- place relation, and for z < 6 we have (/?^ 
is a subset^ of {f] : f] — {r]o, . . . ,rjj^i), for some n each r]£ is a sequence 
of ordinals of length n, and (ij) e {(0, 3), (1, 4), (2, 4), (3, 3), (4, 2), (5, 5)}} 
(can read more natural restrictions), (/?^ is closed under initial segments (i.e. 
letting i = 0, ?7 = {rjo, rji, r]2) e ip*^ ^ f] \ n ^ {rjo \ n, rji \ n,r]2 \ n) e , of 
course ^ f n is an abuse of notation), 

lim.{(pa) = {{Vj ^) P) '-Vj P sequences of length u 

such that n < u> ^ {rj \ n,iy \ n, p \ n) e ipa} 

(depend on the universe) and similarly for other (^^ 

(e) the set of elements of Qa is a (nonempty) subset of = {t] : t] E 

(/) pa = {pix ■ C < (Li < ^)^Pi,c = (Pi,c,m ■■ m < u), and p^^^^ is a 
P^-name of a natural number (or of a member of {0, 1}), it has the form 
^i,C,m(- • • >truth value(ei,^,^,fc G T/?i^^ J, • • • ))k<u:^^ix,m is a Borel func- 
tion, (^Lc^^^k e and ii^^rn^k < Pa 

(g) in V[(t^ : (3 G Aa)],Qa is the set of elements of {77 G Qa°^'- there are 

u G '^(Ord) and C < Ca such that {'n^i^^p^^^) G lim(v9°) and z/(0) = C; 
so V,i^,(fc^,c[QPc] belongs to V[(r/3 : /3 G we may write C = Ca(p)- 

Similarly <q^ is defined by 
(/i) in F[(t^ : (3 G ^a)] we have {{p,q) : p <q„ q} = {{p,q) : p,q e Qa and 
there are v G '^'(Ord) and C < Ca ^^ch that (p,q,u,pl^^) G lim((/7^ ^) G 

lim(<^i),KO) = C} 

We write (p, ?) for the minimal ( 

(z) in V[{Tf3 : /5 G ^a)]{(p, 9) ■ P,q & Qa are compatible in Qa} = {{p,q) ■ 

Piq & Qa and there are v G '^'(Ord) and C < Ca ^^ch that {p,q,i',p'^ ^) G 

lim((^2 ^ and z/(0) = C}; 

(we write {p, q) for the minimal such 

^note: lim((^°) describes Qa, lim((p^), lim((p^) describes <Q",+q„, lim((^^) describes the 
maximal antichain of Qa, describes G Ta" and lim((/j^) describes Ga(2) 
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(k) in V[{t/3 : (3 G Aq,)] we have {{pn '■ n < u) : Pn E Qa for n < lv, {pn : n < to} 

is predense in Q^} = {{Pn : n < u)): for some v G '^(Ord) and ^ < (^^ we 

have (p, G lim((/?j^) [where p = (Pn-[VH]2([V^) : n < a;]}, and we 

write CaiP) fo^ minimal such ( 

(0 in F[(t;3 : p G ^a)] we have {{p,^) : p e Qa,^ < fJ^i and p Ihg^ G 
To"} = {{P.O- for some G -(/z^) and C < we have ((e)>, (C) e 

(m) if G<a C Pq, is generic over V, Gq, C Qq,[(j'<q,] is generic over V[G<q;] and 
Ta = Za[Ga], then in V[{T)3[Ga] ■■ P G Aa)] we have 



Ga = {v^ ""(Ord) :there are u G ""(Ord) and C < Ca and 

G ^{na), and p G ^^2 such that : 
p(n) = z^^(n) G Ta and 
C) e lini(^^)}. 



We can simphfy Definition 3.1 by 

3.2 Definition. 1) We say ^ is a Borel function to V, if it is a function from 
'^{0,1} to V (identifying sometimes 1 with truth, with false) with countable 
range, such that each {77 G '^2 : ^(77) = x} is a Borcl set. 

2) We say ^ is a Borel function to '^V if ^{rj) = {^niv) ■ n < u) with each ^„ 
being a Borel function to V. 

3) Q is simple if in Definition 3.1 clause (e) 



lim(<^^)C{(r;,zy,p):pGM- 



3.3 Definition. Let Q G Jr^^ a = IgiQ). 
1) Let 
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p E Pj3 :for every 7 e dom{p),p{'j) is computed by some 



Borel function ^ (so =^ e V, and is an object not a name), 
^ is a function to "^V, from some 
(truth value(^^ G Tq^) : £ < u) where 

< t^^ae «^ < 7 and we say in this case that 
the truth value of {^i e Tq,^ ) appear in ^(7) for £ < a; 

and p \ 7 forcing a value to (^{pi'y)) ?■ 



2) For pe PLae dom(p) let 



supp(p(q;)) = {7 : for some ^ the truth value of (^ & Ty) appear in p{a.)} 



and let supp(p) = dom(p) U supp(p(Q;)). 

cvg dom(p) 

3) For A C a let P'j^ = {p e Pl^ : dom(p) C A and 7 e dom(p) =^ supp(p(7)) C 
A}, i.e. P'j^ = {p E P^ : supp(p) C A} with the order inherited from P^ which is 
inherited from Pa (recall: only for some A's, P^ < P^). 

4) A is called Q-closed if A C ig{Q), and a e A ^ A. We call A strongly 
Q-closed if A C eg{Q), a e A ^ Aa Q A. We let c£q{A) be the Q-closure of A and 
sc£q{A) be the strong Q-closure of A. 

5) Let 

Simple version : 
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PAUT((5) = < / :(z) / is a one-to-one function, 



(ii) domain and range of / are Q-closed 

(in particular are C £g{Q)) 
(in) for ai,a2 G dom(/) we have: 

ai e ^ f{ai) e ^/(aa) 

(iv) for CKi, Q!2 e dom(/) we have 
ai e Ba2 ^ (/i) e 

(v) if /(cKi) = Q!2 then 

/ maps to Yaj, I.e. /^ai — A''a2 ) 




Non simple version : 
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PAUT((5) = :(i) / is a one-to-one function, 

(ii) domain and range of / are Q-closed 

(in particular are C £g{Q)) 
(in) for CKi, Q!2 G dom(/) we have : 

(iv) for ai,a2 G dom(/) we have 

ai e ^ (/l) e %(a2) 

(v) if /(cKi) = q;2 then 

and / maps p^^^^ to p^^^^ 

(i.e. = ^a2X,m 

for£<6,C<Cl = Ci2'™<^ 

for £ < 6, C < Cai = Ca2' < w, /c < o; but, of course 
e T^" is replaced by G r/(^)" 

that is /?a2,C,m,fe = fiPaiX,m,k) (• 



6) For / G PAUT((5),/ is the natural map which / induces from P^Qj^(^f^ onto 
^Lngify similarly for part (7). 

7) For Q\Q'^ e let PAUT((5i, Q^) be defined similarly: 
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PAUT(Q\ = |/ :(z) / is a one-to-one function, 

(ii) domain of / is Q ^-closed 
(in particular is ig{Q^)) 
and range of / is Q^-closed 
(in particular is C lg{Q^)) 

(iii) for CKi, 0:2 £ dom(/) we have : 
ai e Al^^ ^ f{ai) e 

(iv) forQ;i,Q:2e dom(/) we have 

«i e ^ /(«i) e Sj^^^) 

(f ) if /(cti) = 0:2 then 
simple version : 

1- _2- 1- _2- 

and / maps to F^^, 

i.e. e^aj^^ = "^aa.C ^«i,C,"t ^ ^a2,C,m'/^ai,C,m = /^a2,C,m 

non simple version : (for £ < 6) 

1,/ —2,/ 1/--^ _ 2 1 £ _ 2,.^ 
M'ai ~ M'aa' ^ai ~ '50:2' t^QH ~ 'ra2 

and / maps Vli,c '^pLx 

(i.e. ^a^^i^^rn = =^Q;i,C,m 
'sQ:2,C,m,fc 'sai,^,m,fc 

PL,C,m,k = f{Pi^,c,m,k) for C < Cai = CL,rn< u,k<u) 



3.4 Claim. Let Q e be of length a*. 

1 ) Pq* is a dense subset of Pa* ■ 

2) In V^", from Tq;[Gq^] we can reconstruct Gq^ and vice versa. From {t^ : 7 < 
Q:)[Gp^] we can reconstruct Gp^ and vice versa. So V^" = V[(t^ : j3 < a)]. 

3) If ji is any cardinal, and X is a Pa* -name of a subset of fj,, then there is a set 
A C a* such that \A\ < ji and Ihp^* "X e V[(t^ : 7 e A)Y . Moreover, for each 
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C < A* there is in Y a Borel function ^q{xq^ . . . , . . . )n<u; "^Hh domain and range 
the set {truejalse} and 7^ e ^)Cc,^ < A*7c /or£ < a; i.e. 7^,^, Cc,^ ^ C < A*)-^ < 
a;) e V J stic/i i/iai 

lhp„. "C e X true =3§c{..., ''truth value of Cc,e e r^,,, [Gq^^J" ,...)"• 

Proo/. 1) Easy. 

2), 3) By induction on a. 

4) Let X* be such that {Q, A} G ^^(x*), and let ( < fx; let M be an elementary 
submodel of (Jf (x*), G, <*.) to which {Q, A, /U, X, C} belongs and /U C M, so 

Ihp^. "MiGp^J n Je{x*) = M\ Hence by 3.4(3) (i.e. as V^" = V[{Tp : /3 < a)]) 

we have M[Gp^*] = M[(Tj : i G ck n M)] and the conclusion should be clear. 03.4 

3.5 Claim. For A C a* , every real in V[(t^ : 7 G A)] of even subset X of ji (some 
ji) has the form mentioned in 3.4(4) '^ith ^c^^i G A. 

Proof. This does not follow by 3.4(4) as e.g. maybe -iP^ < Pa- Let -^^a+.u; denote 
the propositional logic, allowing conjunctions and disjunctions of size < A. We 
know that if X C X G V[(t-y : 7 G A)] where C (and {fi^ : 7 G A) G V), 

then we can find in V a sequence {^c, '■ Q < y)^ ((?C,«'7C,*) • C < A*) ^ < l^c)^^^,^ < 
/x-y^ . , — ■ ■ ,Xi,... )i<p^ G ^A+,a; fo^" some A such that: 

(*) X = {C < A* : =^c(- • • ' truth value(C^,i G r^^ J, . . . )j<^, = truth}. 

So if p G Poi^P II" "l G A*"? we can find q,p < q E P^ and (('^c, /i^, ^c,^' 7C,j) • 
( < IJ,,i < G V as above with 7,^ ^ G A such that q Ihp^ "r = {C < : 
^^(. . . , truth value(^^,, G r^.ci)^ • ■■)i<f^c}- 

Now as Pq, satisfies the c.c.c, for each ( separately we can replace the conjunction 
and disjunction inside by countable ones, so we are done. 

3.6 Claim. 1) IfQ\Q^ G J^T^' and f G PAUT{Q\Q'^) and dom(/) = igiQ^), 
rang(/) = ig{Q'^) then f is an isomorphism from (-^^^(qi))'''^ ^''^to iPigi^Q^))^^ 

2) If Q E J^i^ and A C £g{Q) is strongly Q -closed then P^ < P'lgi^Qy i^' ff^ct if 
q e Pfaiov^ \ ^ <P ^ P'a then pU{q \ {£g{Q\A)) G PL(q^ is a lub of p, q and 
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there are unique {Q' , f) such that Q' e -^*,/ £ P^UT{Q' , Q), f is order preserv- 
ing, dom{f) = £g{Q'), rang{f) = A. 

3) If C = yl" U {Aa : a E vl"} then [J A"" is strongly Q-closed and 

n<ui 

[j{a + l:aeA^}^ \J{a + 1 : a e [j A""}. 

n<ui 

4) PAUT{Q) is closed under composition and inverse. Similarly if fi e PAUT((5^, Q^^^) 

for £ = 1, 2, then ^ o /i g PAUT(gi, Q^) j-i ^ PAUT(g2, Q^). 

5) If Q E ,Jf^ and A C £g{Q) is strongly Q-closed and p G Pig(^Q-j then p \ A E 
and P^g^Q^ h %P \ A) < p" andqeP'j, k q <p^^^^^ p^q <p^^^^^ p \ A. 

Proof. Straightforward. 

3.7 Definition. We say ^ witnesses A for Q, k and A' (or for (Q, k, A')., we may 
omit A' if it is the strong Q-closure of A) if: 

(a) Q G J(r^ 

(b) ACig{Q),ACA'C £g{Q), A is Q-closed, A' is strongly Q-closed 

(c) ^ = : 7 < (jJi),^j decreasing with 7 (this just for notational simplic- 
ity) 

(d) C PAUT(g) for 7 < a;i 

(e) if / G then 
(a) rang(/) C A, 
iP) |dom(/)|<K 

(7) (VaG dom(/))(3/?G dom (/))[/(/?) = /? & aG sc1q{/?}] and 
((5) dom(/) C A' 

(/) if /i G ^71, 72 < 7i < 1^1 and C C A'{C £g{Q)) has cardinality < k then for 
some /2 G =^72 we have: /i C /2 and C C dom(/2) and C D A C rang(/2) 

(g) if C C ^ is such that |C| < k then idc e 

■y<uii 

3.8 Observation. Let Q G 

1) If /r < (.g{Q) then Q f /3* G Jr^^ and for A C /3* we have {P'a)^^^' = {P'a)^ ■ 

2) If ^ witnesses A for Q, k in A' and A" C A' C £5f(Q), A C A", A" is strongly 
Q-closed then witnesses A for Q, and A" . 
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3) If ^ witnesses A for Q, k in and /3* < ig{Q) and A" is the strong Q-closure of 
Anp* then ({/ \ U{sc1q{/5} : p e dom(/) n ^5*}) : / e =^1+7} : 7 < a;i) witnesses 
Anp* for Q, K in A" (why 1 + 7? to preserve also "transitive closure of 71 e ^72" ; 
see 3.11(1) below). 



Proof. Straightforward. 



3.9 Claim. Let Q e ,Ji^^ . 

1) If ^ witnesses A for Q, k, inside A' = scIq{A), then 

(b) p^q E P'^ are compatible in P^g^Q^ iff they are compatible in P^. 
Also if p,q & P^, 7 e dom{p) n dom{q) then 

q \ 1 i^p; "p(7) <Q, q{iY ^q\i i^p;,^ "^(7) <q, q{iY 



(c) C is predense in P'lg^Q-^ iff is predense in P^ (without loss of generality ^ 

is countable) 

(d) there are^ unique f,Q' such that Q' e Jf^J G PAUT{Q',Q)J order 
preserving, dom{f) = ig{Q'){= otp{A)) and rang{f) — A, moreover f is 
an isomorphism from {P'lgf^Qy)'^ onto (P^)'^ . 

2) Moreover 

(e) for every p,q E P^, there is ^ < uji such that: 

(^) if f E Fj and supp{p) U supp{q) C dom{f) then P^, |= "p < g" <^ 

p'i.iQ') H "/(p) < hqr 

(a) if f & Fj and supp{p) U supp{q) C rang{ f) then 
P'a' H "/-'(p) < r\qr ^ P'a' H "p < 



(/) /o*" every p,q & P'j^, there is j < ui such that: 

(i) if f & =^7 and supp{p) U supp{q) C dom{f) then p, q are compatible 

^ig{Q) ^ffhp)J{(l) oJ^e compatible in P^g^^Q,-^ 
(ii) if f & =^7 and supp{p) U supp{q) C rang{f) (so p,q e P^J t/ten 
f~^{p),f~^{q) are compatible in P'j^, iffp,q are compatible in P'^, 

'in fact, this does not depend on A having a witness (but not necessarily the "moreover". 
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(g) for every countable J" C P^, , there is ^ <lo\ such that: 

{%) if f & and supp{p) C dom{f) then ^ is predense in P^, iff 

/(j^) is predense in P'j^, 
(ii) if f e and supp{p) C rang{f) (so C P'^) then {f~^ip) : 

p e J^} is predense in P^, iff J' is predense in P^, 

(h) for every Borel function ^ = . . , truth value (^^ ^ TarJ' • ■ • )n<uj from 
'^2 to V such that an G A' and p G P^, there is < ui such that: 

(i) if f & ^7 and supp{p) U {a^. : n < uj} Q dom{f) and a; e V then 

P '^n' .r,^ "-^(^ • • ' ^^^^^ (Cn e Ta„), • • • )n<u> = iff 

(ii) if f & ^7 one? supp{p) U {a^ : n < cu} C rang{f) and x E \ then 
p I hp; "e^(. . . , truth value (^n G r^^), . . . )n<^ = x" zjf 

f~^{p) l^p;^(Qj "^(- • • , truth value{^n e T/-i(a«))' • ■ ■)n<u, = x". 



Proof. We prove ((1) + (2) together) by induction on 0:0 = 0;*= ig{Q)- 
Arriving to a*, we note various implications 

(*)i for a < a* , replacing A, A' and by A fl a, A" (any strong Q-closed set 
such that Ana C A" C A' na) and ^ ] A" =: {{f \ B : B C dom(/)nA" 
and (Vet G B){3P G B)[f{P) = /3 & a G sc1q({/3}) : / G : i < Wi) 
respectively, Claim 3.9 holds 

(*)2 clause (d) (for a*) follows (from the induction hypothesis) 

(*)3 if clause (e) holds then clause (b) holds. 

[Why? The second phrase in clause (b) holds by clause (e)(ii) as C C ^4 & \C\ < 
i^o & i < u>i ^ idc G li p,q are compatible in then they have a common 
upper bound there, which "works" in P'^^^Qy too, by the previous sentence. Assume 
p, q have a common upper bound r in P'^^^Qy so by 3.6(5) also r' =: r \ A' & P'^, is 
a common upper bound of p and q. 

Let 71, 72 < be as guaranteed in clause (e) for p < r' ,q < r' respectively and 
let 7 = max{7i,72} and let / = idsupp(p)usupp(<7), now / G F7+1 by clause (g). 
Definition 3.7 and there is /', / C /' g ^7 such that supp(r') C dom(/'). 
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So f'{p) — f{p) — Pif'iq) — f{q) — q-,f'{r') G -P^, and by clause (e) we have 
P = Hp) < fir') ^PA^q = f'iq) < fir') e P'^ and we are done.] 

(*)4 if clauses (e),(f) hold then clause (c) holds. 

[Why? If y is not predense in P^ then there is q E P^ incompatible in P^ with 
every p E hence by clause (b) which holds by (*)3, q is incompatible with p in 
P'lgi^Qy hence ,y is not predense in P'^^^Qy Next assume ^ is predense in P^, let ^ 
be a maximal antichain of of elements above some member of so by clause 
(b) (which holds by (*)3) ^ is an antichain in P^'^j-g^ hence is countable. 

Let q be any member of P^/, let 7 = sup{7(]3, q) : p E J^}, jip, q) as in clause 
(f)- 

Now letting C = supp(p), it is a countable subset of A hence /o = id^ e 

P-y_i_i, SO there is /, /o C / g Fy such that supp(g) C dom(/). Now for p e 7 > 
7(p, q), hence we have that 

(Vp e c/)iPi 1 compatible in Pa' iff /(p), fiq) are compatible in P'^g^^Q^)- 

As /(g) G P'a and ^ is a maximal antichain of for some p G ^,fiq),P are 
compatible in Pj^, hence in P^,. But /(p) = p so q,p are compatible in P^^^Qy but 
by the choice of ^ there is p' G < p, so g is compatible with some member of 

^ , i.e. with p' . As g G P^/ was arbitrary, this proves that is predense in P^,, 
completing the second implication in the proof of (*)4.] 

(*)5 if clauses (e),(f) hold then clause (a) holds. 

[Why? By (*)3 + (*)4.] 

(*)6 if clauses (e),(f),(g) hold for a* then clause (h) holds. 

[Why? First, it is enough to deal with the case the range of the Borel function is 
{0, 1}. Now we prove the assertion by induction on the depth of the Borel function. 

Case A : ^ is atomic, i.e. ^ is the truth value of ^ G for some ^ < Hj. 

Clearly 7 < a* so we can apply the induction hypothesis to 7. So p Ih "^(^ G 
Tj) — i" where p G P^; is equivalent to p [ 7 II" "^(7) = truth". Now ^(7) has the 

form ^'{. . . , truth value(^n G r/3„), . . . )n<Lo where Pn G ^7,^n < I^t3„,^' G V a 

Borel function, so the statement is equivalent to p f 7 Ih "^'(. . . , truth value(^^ G 
T^^), . . . )n<uj = truth. As A' is strongly Q-closed clearly l3n E A^ C A' so we can 

apply the induction hypothesis on 7 using clause (h) there. 
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Case B : SB = ^SB' (i.e. 

By the way we phrase the statement it follows from the statement on ^' . 

Case C : = /\ ^n- 

n<a) 

Let be a maximal subset of 

{q' e P'j^i :{%) q forces 3§ri for every n or for some n, q forces -i=^n 
(ii) p < q or q,p are incompatible} 

which is an antichain in P^g^^Qy Let < uji be as guaranteed by clause (g) (of 
3.9), let for q E ,^ : 7(p, q) < Ui be as guaranteed by clause (f) (of 3.9) if p, q are 
incompatible and as guaranteed by clause (e) (of 3.9) il p < q. 

For each g G let 7n(Q) be the 7 guaranteed for g, ^„ for both x — Q and x — 1. 
For qi 7^ q2 from (so incompatible) let 7(q'i, q'2) < be as guaranteed in clause 
(f). Let 7* = sup({7^} U {7(p, 9) : q e J^} U {7^(9) : 9 e < a;} U {7(91, ^2) : 

Q'l 7^ Q'2 from J^}) + 1. 

Suppose fi G F^*, supp(p) U {an : n < u} C dom(/i), where the a^'s are from 

the statement of clause (h). We can find /2,/i C /2 G F^*^i and dom(g) C 
dom(/2). 

Let J^o = {g : P < g e J^}, ^1 = ^\^o- Now qiy^q^ e ^ 7(^1, ^2) < 7* - 1 
and 7j^ < 7* — 1 hence o^' = {/2(g) : g € ^} is a maximal antichain. Also 
7(P; g) ^ 71 hence 

g G ^0' =: {/2(g); g e ^0} ^ /2(p) < g 

g G J^/ = {/i(g) ■ q & ^1} ^ h{p),q incompatible. 
Also for g G J^O) 

g Ih = 0" ^ h{q) Ih "/2(^n) = 0" 

glh "^„ = l"^/2(5) Ih "/2(^n) = l. 

The rest should be clear.] 

So together it is enough to prove clauses (e), (f), (g). 
(*)7 clause (e) holds. 
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If Dom(]3) = this is trivial so suppose not, and if dom(p) ^ dom(g) the equiva- 
lence is trivial so assume ^ dom(p) C dom(q'). Let a® = max( dom(q')), now if 
CK® + 1 < a* wc can use the induction hypothesis on 7* + 1, so assume a* = a® + 1 
(we can also discard the case 7* ^ Dom(p) if we like). 
Now P^, h "P < iff (a) + iP) where 

(a) p'j,,^^. h "p r «® < 9 r «® 

(/?) glh < 

Now for (a) get 71 by applying clause (e) to Q \ a® , and for [j3) get 72 by applying 
clause (h) to Q t a®, so 7 = max{7i, 72} is as required. 

(*)8 clause (f) holds. 

As in the proof of clause (e), without loss of generality a* = a* + 1 and a® = 
max(dom(|))) = max(dom(q')). Let {vn : n < u>} C. P'^ ^ be a maximal antichain, 
such that each Vn satisfies 

(a) it forces a truth value say tn to "p(q!®), q{a®) are compatible in Qa<s>" 

iP) ^ P or are incompatible 
(7) fn > q or rn, q are incompatible. 

By applying clause (h) to Q fa®, without loss of generality {rn : n < uj} C P^. 
Now clearly p < q ]S\J[p < Vn & q < Vn & t^= truth], and we can apply 

n 

the induction hypothesis to each of those countably many statements. 

(*)9 clause (g) holds. 

Without loss of generality is countable. Now if = U{dom(p) : p e J^} has no 
last element, clearly is predense iS a G w ^ a : p E is predense; 

so we can finish by the induction hypothesis. So assume a® is the last element in 
w. Let {vn : n < u} P'y^,^^(g, be a maximal antichain of it, each forcing a truth 
value to "{p(q;®) : p \ a® G Qp^^} is a maximal antichain of Qa"- CDs. 9 

This follows from the claim below. 

3.10 Definition. 1) We say F is a K-witness for (Q^, Q^) if 

(a) e J^* and e (so k > Kq) 

(6) F = {Fj : 7 < wi) and Fj is decreasing with 7 (for notational simplicity) 
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(c) C PAUT((5i,(52) for 7 < c^i 

{d) if f eF^ then dom(/) C ig{Q^) and rang(/) C igiQ"^) 

(e) if /i G F^,,72 < 71 < ^i,Ci C £(7(Qi),C2 C ig{Q^),\Ci\ < k,\C2\ < k 
then for some /2 G have 

/iC/2,CiC dom(/2),C2C rang(/2). 

2) We say F is an exphcit K-witness for {Q^,Q'^) if (a) - (d) above hold and 

(e)' if /i G F^,,72 < 71 < ^i,Ci C £5r(Qi) n scl(Qi)(dom(/i)), C2 C ig(Q'') n 

scl(Q2)(dom(/2)), |Ci| < IC2I < then for some /2 G F^^ we have /i C 
F2,CiC dom(/2),C2C rang(/2),dom(/2) C sclgi (dom(/i)), ranges) C 
sclQ2(rang(/i)) 

(/) for /GF^,^7C/^(7eF^ 

{g) if / G and a, (3 E dom(/), then 

aG sclQi({/?})^/(a)G scIq^ ({/(/?)}) 

(/i) if Ci C ig{Q^),C2 C ig{Q'^) are countable and 7 < then for some 
/ G we have Ci C dom(/), C2 Q rang(/). 

3.11 Claim. Assume F is a K-witness for {Q^,Q'^). 
1) If'je {0,uJi) and f e F^ and a,l3 < ig{Q^), then 

a G 5c/qi ({/?}) ^ /(a) G sdgs ({/(/?)}). 

Let F"^ = (F-i : 7 < uji), F'^ = {/"^ : / G F^}. Then F'^is a K-witness for 
(Q2^gl-)_ 

3) If Ai C (.g{Q^) and: At = sclQ,{Ai) for £ = 1, 2 and we let F!^ = {f n X : f e 
Fi^j,X C Ai X A2}, then (F^ : 7 < ct^i) is a n-witness for {Q^ \ Ai, \ A2) and 
an explicit K-witness for it, note that by renaming A^ can become an ordinal. 

4) IfP e i^egiQ^))'^^ ^ (-^ig(Qi))' ^ - ^-^IgiQ"-)^' countable, then for some 
7 < cui we have: for every f & Fy we have: 

(a) if supp{p) U supp(q) C dom(f) then (-^/^(qi))' \= P < Q ^#(^4(0^)^' ^ 

m < m 

{pi) if supp{p) U supp{q) C dom{f) then p,q are compatible in {Plgi^Qi^Y W 
f{p)/f{l) <^fc incompatible in {P? /qiJ' 
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(7) ^/ U ^'^PPi''^) ^ dom{f) then is predense in (-Pgg(Qi))' iff fi^) — 

{/(r) : r e J^} is predense in (P^^^q^^)' . 

5) For every Borel function — ^(. . . ,t^, . . .)net^ (for a truth value, values 
in\) and {{Cn,C(n) '• tT' < ^)i(^n < ^9{Q^), and p e ^■^lg{Q'^))' there is ^ < uj\ such 
that: if f & F^, {an : n < a;} U supp(p) C dom{f) and a; e V then 

pW-pi "^(. . . , truth value{^n e Ta„), . . . )n<uj = a;" iff 
f{p)\\-p2 _^ ''^{. .., truth value{^n^rf(^a^-)),...)n<u, = x'\ 



Proof. 1) Easy. 

2) Trivial. 

3) Clear. 

4) , 5) It suffices to prove 3.12 below. 



3.12 Claim. If F is an explicit K-witness for {Q^,Q'^) then 4), 5) of 3.11 holds. 

Proof. We prove this by induction on a* = m.a,x{£ g{Q^),£g{Q'^)}, and for a fixed 
a* by induction on /?* = mm{£g{Q^), £g{Q'^)}. 

As above it is enough to prove part (4). 
This is done by cases. Without loss of generality A' is the strong Q-closure of A. 

Case 1 : ig{Q^) = 0. 
Trivial. 

Case 2 : di£giQ^)) > Hq. 

So let p,q,J^ be given and choose < £g{Q^) such that p,q & [P^i)' , C 
(P^i)'- Let = f a^,F!^ = F^ n {a^ x ig{Q^)), and apply the induction 
hypothesis to Q^,Q^^ {F!^ : 7 < cui) and to and get 7 < cui, and we shall prove 

that it works for Q^, Q^, F,p, q, J' . So let f E Fjhe such that supp(p) U supp(g) C 
dom(/) (needed if we are dealing with clauses (a) or (of 3.11(4)) and such that 
supp(r) C dom(/) (needed if we are dealing with clause (7) of 3.11(4)). Now 

T=- f\a'^F!^ so: 

(*)i {p'^.y h "p < ^ (PLn^))' 1= rip) < /'(g)" 
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(*)2 p, q are compatible in P^i iff /'(p), /'(<?) are compatible in {Peg^Qsj)' 
is predense in (-P^i)' iff {f'{r) : r e J^} is predense in (-P/g(g2))'- 

As in all three cases we can replace (-P^i)' by (-^/^(qi))' /' by / we are done. 

Case 3 : d{ig{Q^)) = Kq. 

Concerning clauses (q;),(/3) (of 3.11(4)) the proof is just as in case 2, so we 
deal with clause (7). Let C (-Pggj-gi))' be countable. We choose ct" < £g{Q^) 

such that a"" < and |J a" = £g{Q^) and let J^n = {r \ a"" : r e A} 

n<ui 

and = n (a" x eg{Q^)),F'' = (F^ : 7 < a;i). For each n apply induction 
hypothesis on \ a", Q^, F"', and get 7n < uji, and let 7* = 7n) + 1- So 

n<u; 

let / e F^. be such that supp(r) C dom(/). 

First assume is predense in (-^/^(qi))'- 

So there is e (P^qj^^)' incompatible with every r e hence for some n,qE 
{P^^y, so q is incompatible with every r e in (F^^)', hence is not predense 
in {Pa J'- As 7* > 7n, necessarily {/(r) : r e J^^} is not predense in (-P/g(Q2))', 
which means that some q' e (■^ig{Q2)Y incompatible with /(r) for every r e J^n- 
Now trivially r E ^ f{r \ an) <(p2 /(r) (look at the definition and note 

T \ an < r and increasing 7*), clearly q' e (-Pfg(Q2))' is incompatible with every 

memer of fi^) =: {/(r) : r e so /(=-^) is not predense in (-Pgg(Q2))', as 

required. 

Second assume is predense in {Plgt^Qi))' ■ So for each n, J^n = {r* \ a^ : r E J^} 
is predense in (F^^)'. 

So by the induction hypothesis for each n, f{J^n) = • ^ -^n} is a predense 

subset of (J?g(Q2))'. 

Let be the strong Q-closure of supp(p), = yl^. 

Let be the strong Q^-closure of supp(p), = \^ A'^, so if k < m < 

pefW "<'^ 
oj then C and Al C A^, hence (F^,)' < (^A^ (^1^ < )'■ 

k m k m 

Remembering clause (g) of Definition 3.10(2), clearly 
© if CK e y supp(p) C dom(/i) then /\{yn)[a e Al^ ^ fi{a) e A^] 
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hence for p e J^,f{p \ a^) = f{p \ A^) = f{p) \ Al As p e ^ ^ \/ip G A) 

n 

(as dom(p) is bounded in ig{Q^)) clearly /(J^) = \^ /(J^„). Hence e P^a is 



incompatible in (-Pfg(Q2-))' with every p G f{J^) iff is incompatible with every 

p G f{'J^n{q)) in iP'e,g{Q-i))' where 71(5) = min{n : q G P^2 } which is well defined as 

{A^ : m < uj) is increasing continuous. As each f{J^n{q)) is predense in (-P£g(g2-))' 

(see above using the induction hypothesis), there is no such q. So f{^) is predense 
in P^2 , but is strongly Q^-closed (being the union of such sets) hence (by 3.8) 

(P^2 )' < (-^/g(Q2-))'; so f{J^) is predense, so we have finished. 

Case 4 : £g{Q^) = 7* + 1. 

By Definition 3.1 all is translated to the 7* case (including instances of 3.11(5)), 
so we can apply the induction hypothesis. □3.12 

3.13 Claim. If F witnesses A for Q inside A' , then 
(a) P'j, < P^, < P,,(Q) 

[h) p,q& P'j^ are compatible in Pgg(^Q^ iff they are compatible in 

(c) C P'^ is predense in Pigf^Q^W 'it is predense in P'^ (without loss of generality 
is countable) 

(d) there are unique f,Q' such that Q' G J^ff,f G PAUT{Q',Q),f order pre- 
serving dom{f) = £g{Q'){= otp{A)) and rang{f) = A; the essential part is: 
if p,q G P^, 7 G dom{p) fl dom{q) then 

q \ 7 Ihp^ p(7) <Q^ 5(7) ^ g t 7 Ihp^^^ p(7) <q^ 5(7). 



Concluding Remark. We describe below an application of the method. 

3.14 Claim. Assume for simplicity V |= GCH. For some c.c.c. forcing notion P 
of cardinality we have: in 

(a) 2^" = ^3 

ih) add (meagre) = Ki 

(c) cov (meagre) — ^2, moreover unif (meagre) — 

(d) = ^3. 
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3.15 Remark. We can use other three cardinals, and use very httle cardinal arith- 
metic assumption. 

Proof. Let Q = {Pi, Qj,aj,rji : i < (.03 + W2, j < + (.^2) be FS iteration, with 

(a) rji the generic real of Qj 

(b) if j < 0J3 then Qj is Cohen say {^^u), <) so r]j is undominated 

(c) if j = c^3 + C, C < '^2 then Qj is Random^[<'?-*^«^>] 

{d) if 6 C a e [cos + a;2]-^^ then for arbitrarily large i e {cos, cos + 0)2) we have 
aHtti = b. 

Let P — Ptj3_|_t^2- Trivially |P| — K3. So in V we know: 

Clause (a) : 2^° = ^3. 

As |P| < ^!;3 the < inequality holds, the other inequality, >, holds as {r]i : i < (jj^) 

is a sequence of 'tis distinct reals. 

Clause (b) : add (meagre) = Ki- 

As in [Sh 592] we know that b is not increased by P so b = Ki but add(meagre) 

< b. 

Clause (c) : cov(meagre) = ^2- 

If for i < ui we have Ai C '^2 are Borel sets in then for some a < U2, {Ai : 
i < u>i) G V^"3+*, the forcing P^^^i+^/P^^+i add a Cohen real over V^"3+i (as 
we are using FS iteration). 

So cov (meagre) > 'i^i. 

On the other hand (r/o^g+i : i < (^2) is a non-null set of reals hence unif(null) 

< '^^2, but cov(meagre) < unif(null) so cov(meagre) < ^^2- So together cov(meagre) 

Clause (d) : d = K3. 

Now D <2^° =^3, on the other hand, as in [Sh 592] for no ^ e [^3]^^ f^om V, 
is there <*-bound to {rji : i e A}. 
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